Let F q be a finite field with q elements and h(F q Q) the Ringel-Hall algebra of affine valued quiver Q. All indecomposable representations of Q, which can be generated inside h(F q Q) by 'smaller' dimension, are classified and minimal homogeneous generating systems of h(F q Q) are given explicitly.
Introduction
Let F q be a finite field with q elements and let A be a finite-dimensional hereditary F q -algebra with all simple A-modules S 1 , . . . , S n , up to isomorphism. Let A-mod be the category of finite-dimensional left A-modules, which is exactly the category of A-modules with finitely many elements. The Grothendieck group K 0 (A) of the finite A-modules modulo short exact sequences can be identified with Z n , such that the image of S i is the ith coordinate vector e i . For M ∈ A-mod, denote its isoclass by [M] , and its image in K 0 (A) by dim M, which is called the dimension vector of M.
Let R be the field of real numbers. By definition [10] , the Ringel-Hall algebra h(A) is a R-space with basis u [M] , [M] belongs to the set of isoclasses of all finite A-modules, with multiplication given by
where the structure constant g L M,N is the number of submodules V of L such that V ∼ = N and L/V ∼ = M. Then h(A) is an N n 0 -graded associative algebra with identity u [0] , where N n 0 denotes the set of nonnegative integers, and for d ∈ N n 0 , the homogeneous component h(A) d is the R-space with basis {u [M] | dim M = d}. In particular, h(A) 0 = R.
By definition [8] , the composition algebra c(A) of A is the subalgebra of h(A) generated by all u [ 
R-subalgebra of h(A).
It is well known that there is a one-to-one correspondence between the valuation diagrams of A and the symmetrizable generalized Cartan matrices Δ. Under this correspondence, by the work of Ringel and Green, (see [4, 8, 9, 11] ), composition algebra c(A) is isomorphic to the positive part of Drinfeld-Jimbo's quantum group of type Δ (see [5] ). This beautiful result indicates that the Ringel-Hall algebra provides a powerful approach to quantum groups and makes it possible that the representation theory of A has applications or interpretations in quantum groups. Thus information on the category of A-modules gives new information on the structure of U + .
In [13] , the authors considered the following two questions for affine quivers Q, i.e. Q is of type A n (n 1), D n (n 4), or E n (n = 6, 7, 8):
(i) How does one classify all indecomposable representations M of Q which can be generated inside h(F q Q) by some representations of Q with strictly smaller dimensions? (ii) How does one write out explicit systems of minimal homogeneous generators of h(F q Q)?
If Q is of Dynkin type, then h(F q Q) coincide with its subalgebra c(F q Q), and hence the answers to the questions above are clear: For (i) it is all indecomposable nonsimple representations; and for (ii) it is exactly all isoclasses of simple representations.
If Q is not of Dynkin type, then h(F q Q) = c(F q Q) and the answer to the questions above are not clear. In [13] one of the main tool is the formulae for computing the number of indecomposable representations with fixed dimension vector. In [6] , the author gave these formulae for affine valued quivers by using the Frobenius morphism method in [2] .
The aim of this paper is, by using the formulae in [6] , to answer the two questions above for the affine valued quivers Q, i.e. 
We denote by rep-S the category of finite-dimensional representations of S over F q .
Note that the category rep-S is equivalent to the module category of finite-dimensional modules over a finite-dimensional hereditary F q -algebra A. This hereditary F q -algebra A is given by the tensor algebra of S. Furthermore, any finite-dimensional hereditary F qalgebra can be obtained in this way.
and we define
By a homological fact it is clear that α, β depends only on dim V and dim W , so it can be bilinearly extended to Z n , where n is the number of simple representations of rep-S. One sees that (cf. [10] )
The bilinear form −,− and (−,−) are called the Euler form and symmetric Euler form, respectively. In fact, the Grothendieck group with the symmetric Euler form is a Cartan datum and any Cartan datum can be realized in this way (see [11] ). Let ε(α) = α, α . We see that ε(i) = ε i .
2.2.
An indecomposable A-module M is said to be preprojective (respectively preinjective) provided that there exists a positive integer m such that τ m (M) = 0 (respectively τ −m (M) = 0), and to be regular otherwise, where τ is the Auslander-Reiten translate (see [1] ). An arbitrary A-module X is said to be preprojective (respectively regular, preinjective) provided that every indecomposable direct summand of X is so.
If P , R and I are preprojective,regular and preinjective modules, respectively, then there holds the nice properties 
2.3.
With indecomposables as vertices, and using irreducible maps between indecomposables to attach arrows, we obtain the Auslander-Reiten quiver of A (cf. [1] ). By [3] , the Auslander-Reiten quiver of A has one preprojective component, which consists of all indecomposable preprojective modules and one preinjective component consists of all indecomposable preinjective modules; all other components turn out to be "tubes" which are of the form T = ZA ∞ /m, where m is called the rank of T . If m = 1, then T is called a homogeneous tube, and if otherwise, it is a nonhomogeneous tube. The ranks of nonhomogeneous tubes of A is completely determined by the type of valued quiver. That is, types B n , C n and C n has one nonhomogeneous tube of rank n; types CD n and DD n has two nonhomogeneous tubes of ranks n − 1, 2; types F 41 and F 42 has two nonhomogeneous tubes of ranks 3, 2; types G 21 and G 22 has one nonhomogeneous tube of rank 2.
Because indecomposable modules in different tubes have no nonzero homomorphisms and no nontrivial extensions, all regular modules form an extension closed abelian subcategory of A-mod. The simple objects in this subcategory will be called quasi-simple modules; any indecomposable regular module M is regular uniserial, and hence M is uniquely determined by its quasi-top and quasi-length. Let N(q, λ) 
2.4.
and for λ > 3,
Corollary 2.2. t λ (q) = 0 if and only if
In the remaining cases t λ (q) 2.
The spaces B d (A)
3.1. Let h(A) and c(A) be the Ringel-Hall algebra and Ringel-Hall composition algebra of A, respectively. It is well known that both h(A) and c(A) are N n 0 -graded algebra
where 
3.2.
We are interested in the following questions (i) How do we classify all indecomposable modules M with the property
(ii) How do we write out explicit systems of minimal homogeneous generators of h(A)?
For these purposes, first we need to give sufficient and necessary conditions for an element u [M] to be in B d (A).
. , n, if and only if c(A) = h(A).
For d ∈ N n 0 , define the following element in h(A)
where M runs over all regular modules with dim M = d. Note that this is a finite sum, since k is finite field. If there is no regular modules
. From [12] , we know that r d ∈ c(A) for all d ∈ N n 0 . Let P, T and I be the subalgebras of h(A) generated by preprojectives, r d , d ∈ N n 0 and preinjectives, respectively.
, where P and I runs over all preprojectives and preinjectives, respectively, and
In [7] the authors constructed a PBW-basis for the composition algebras of all affine valued quivers and this basis directly gives a triangular decomposition of the composition algebras. Thus we have
Let T be a tube of A, and let M be an A-module. By M ∈ T we mean that every indecomposable direct summand of M belongs to T .
is a term of x, and M is indecomposable, then u [M] is said to be an indecomposable term of x. If u [M] is a term of x, and M is in tube T , then u [M] is said to be a T -term of x. Define the regular part of x to be
Define T -part of x to be
where M runs over all modules in T with dim M = d.
Proof. Note that every term of x − r(x) is of the form u [P ⊕R⊕I ] such that at least one of P and I is nonzero, where P , R, I are preprojective, regular and preinjective, respectively. Since,
, it follows that if any two of P , R, I are not zero module, then
Proof. Since any term of r(x)
, where both R 1 and R 2 are nonzero regular modules such that R 1 ∈ T for some tube T and R 2 has no direct summand in T , it follows that
, and hence (i) follows.
where P , P are preprojective, R, R are regular and I, I are preinjective. Thus
and it follows that if P = 0 or I = 0, then
Now, we assume that P = I = 0. Then by comparing the defects we see that
While by the Theorem 3.2, we have
where M and N are nonzero regular modules and c M,N ∈ R.
This proves the following
where M, N are nonzero regular modules
Since, B e i = 0 for all i = 1, . . . , n, the following result gives the description of all spaces
. . , n then the following are equivalent 
where X, Y are nonzero modules with dim X + dim Y = d and c X,Y ∈ R. Now take the regular part of both sides and using Lemma 3.5, we get 
Let T be a nonhomogeneous tube with rank m and E 1 , . . . , E m be the quasi-simples in T with τ (E i ) = E i+1 , 1 i m − 1 and τ (E m ) = E 1 . Let E i (j ) be the indecomposable in T with quasi-length j and quasi-top E i . If m 2, then
where
We say that x is generated by x 1 , . . . , x s provided that x is a R-combination of some products with all factors x 1 , . . . , x s . From [13] , we have following results
Lemma 4.1. We have (i) h(A) is generated by indecomposables;
(ii) h(T ) is generated by indecomposables in T . 
4.3.
Denote by m the symmetric group of degree m. 
We introduce the following element in h(T ) g T δ :
Thus,
Notice that by definition we have 
. For all nonhomogeneous tubes, we have r g T δ (T ) / ∈ B g T δ (T ).

Lemma 4.7. Let T be a tube with rank 2. Then r 2g T δ (T ) / ∈ B 2g T δ (T ).
Now, we consider homogeneous tubes (see [13] ).
Theorem 4.8. Let T be a homogeneous tube with quasi-simple E and dim E = sδ. Then for any positive integer λ there holds
where M λ is the indecomposable in T with quasi-length λ. 
Indecomposable modules which can be generated
The aim of this section is to classify all indecomposable A-modules M which can be generated inside
Since E is quasi-simple, it follows that
, but a term of r λδ and hence by comparing the coefficients of u [E] on both sides of (5.1), we get c = 1. This forces t λ (q) = 1, i.e. E has to be the unique quasi-simple module with dim E = λδ. (Otherwise, let E be a homogeneous quasi-simple with dim E = λδ, E E. Then by comparing the coefficients of u [E ] on both sides of (5.1), we get c = 0, a contradiction.) Thus, by Corollary 2.2, we have λ = 1, 2 or 3.
The case λ = 2. Since t 1 (q) = 0, let E be a homogeneous quasi-simple with dim E = δ and L be the unique homogeneous indecomposable module with quasi-socle E and dim L = 2δ. Then both u [L] and u [E ⊕E ] are terms of r λδ with coefficient 1. But E is quasi-simple, it follows that product u [M] · u [N ] on the right side of (5.1), such that u [L] or u [E ⊕E ] is a term of u [M] · u [N ] , is unique and has to be u [E ] · u [E ] . Note that
where s depends on the type of A. Comparing the coefficients of u [L] and u [E ⊕E ] on both sides of (5.1), we get
which gives q s = 0, a contradiction. The case λ = 1, or 3. Then, Q is of type CD n , F 42 or G 21 . So there exists a nonhomogeneous tube T of CD n , and F 42 with g T = 1 and of G 21 with g T = 3. Take the T -part of both sides of (5.1), we get
a contradiction to Corollary 4.6. 2
Theorem 5.2. For any tube T of A and any positive integer λ, there holds
B λδ (T ) = B λδ (A) ∩ h(T ) λδ .
Thus, given an x ∈ h(T ) λδ , then x ∈ B λδ (T ) if and only if x ∈ B λδ (A).
Proof. Clearly, B λδ (T ) B λδ (A)
Then by Theorem 3.6(iii), we have
where M, N are nonzero regular modules with dim M + dim N = λδ and c, c M,N ∈ R. First, assume that t λ (q) = 0, i.e. there is a homogeneous quasi-simple E with dim E = λδ. It is easy to see that u [E] is not a term of x. Otherwise, E ∈ T and T is a homogeneous tube. Since E is the quasi-simple in T with dim E = λδ, it follows that x = au [E] with a = 0. So u [E] ∈ B λδ (T ), contradiction to Lemma 5.1. Thus by comparing the coefficients of u [E] on both sides of (5.2), we get c = 0. Now, taking the T -part of both sides of (5.2), we get
Second, assume that t λ (q) = 0, then by Corollary 2.2, λ = q = 2 and Q is of type DD n , F 41 , or B n .
If Q is of type DD n or F 41 and T is homogeneous tube, then A has a nonhomogeneous tube T with g T = 2. Taking the T -part of both sides of (5.2), we get
where M, N are nonzero regular modules in T . Thus cr 2δ (T ) ∈ B 2δ (T ). By Corollary 4.6, this forces c = 0. And thus x ∈ B 2δ (T ). If Q is of type DD n and rank T 3 or Q is of type F 41 and rank T = 2, then A has a nonhomogeneous tube T = T with g T = 2. Taking the T -part of both sides of (5.2), we get
where M, N are nonzero regular modules in T . Thus cr 2δ (T ) ∈ B 2δ (T ). By Corollary 4.6, this forces c = 0. And thus x ∈ B 2δ (T ).
If Q is of type B n and T is homogeneous then by Theorem 3.6(iii), we have Let T be the nonhomogeneous tube of A, and take the T -part of both sides of (5.3). Then
where M, N are nonzero modules in T with dim M + dim N = 2δ. Corollary 4.6 forces c = 0. Hence
Take the T -part of both sides of (5.4), we get
where M, N are nonzero modules in
If Q is of type DD n and rank T = 2 or Q is of type F 41 and rank T = 3 or Q is of type B n and T is nonhomogeneous, then by Theorem 3.6(iii), we have
where M, N are nonzero regular modules with dim M + dimN = 2δ, and c, c M,N ∈ R. Let T be a homogeneous tube with quasi-simple E which dim E = δ. Take the T part of both sides of (5.5), we get
, where L is the indecomposable module in T with dim L = 2δ. Hence, we have
So, c + c E,E = 0 and c + (q + 1)c E,E = 0. Hence c = 0. Now, from (5.5), we have
, where M, N are nonzero modules with dim M + dim N = 2δ. Take the T -part of both sides of this equality, we get
where M, N are nonzero modules in T with dim M + dim N = 2δ. Therefore, x ∈ B 2δ (T ). 2
5.2.
We say that an A-module M can be generated provided that M = e i , i = 1, . . . , n = 1, and dim M = λδ for any nonnegative integer λ. If M is preprojective or preinjective, then
Proof. Let dim
so M can be generated. Thus, we may assume that M is regular and belongs to tube T with rank m. Since, dim M = λδ for any nonnegative integer λ, T is nonhomogeneous tube and the quasi-length of M is not multiple of m. If the quasi-length of M is smaller than m, then by [14] Lemma 2.2,
So M can be generated.
Let the quasi-length of M is λm + l where 1 l m − 1, and L be the indecomposable submodule of M with quasi-length λm. Then, we have
It follows that
Conversely, let M can be generated. If M is preprojective or preinjective, then dim M = e i , i = 1, . . . , n, and dim M = λδ for any nonnegative integer λ. So we assume that M is regular and M ∈ T for some tube T .
If T is homogeneous and E is its quasi-simple module with dim E = sδ. Assume dim M = λδ for some nonnegative integer λ, then s | λ. Set λ = st. Then the quasi-length of M is t. By Theorem 4.8, we have 
(T ).
A contradiction. 2
Minimal homogeneous generators of h(A)
The aim of this section is to explicitly write out systems of minimal homogeneous generators of h(A), especially, all systems of minimal generators of h(A) consisting of isomorphism classes of indecomposable modules. We will discuss in several cases. 
Case one, for types:
Define b λδ to be the element
Lemma 6.1. For any positive integer λ, we have
Proof. (i) By Corollary 2.2, t λδ (q) = 0. So there is a homogeneous tube T with quasisimple E such that dim E = λδ, then r λδ (T ) = u [E] and hence by definition, c λδ (T ) = 1, so b λδ = 0.
(ii) By definition, we have 
(ii) By Lemma 6.1, we only need to prove (A) . By Theorem 3.6(iv), there is c ∈ R such that for each tube T of A,
where M, N are nonzero regular in T with dim M + dim N = λδ and c M,N ∈ R. By ( * ), (T ) . Since x ∈ V λ , by the definition of V λ , we have 
Thus, x ∈ Rb λ .
(iii) Let m be the number of nonhomogeneous tubes of A, and let t λ (q) be the number of homogeneous quasi-simples with dimension vector λδ. Then by Lemma 2.1, we have
For any positive integer λ, let W λ be an complement of Rb λδ in V λ , i.e.
Then by (i) and (ii) of Theorem 6.2, we have
Case two, for types: B n and G 21
For a positive even integer λ for type B n and a positive integer λ divisible by 3 for type G 21 , let T(λ) be the set consisting of the nonhomogeneous tube and those homogeneous tubes T with quasi-simple in T having dimension vector sδ, s | λ. For a positive odd integer λ for type B n and a positive integer λ not divisible by 3 for type G 21 , let T(λ) be the set consisting of those homogeneous tubes T with quasi-simple in T having dimension vector sδ, s | λ. For T ∈ T(λ), M λ (T ) to be an arbitrary indecomposable in T with dimension vector λδ. Then by Theorems 4.3 and 4.8, there is a unique c λ (T ) ∈ R and a unique x(T ) ∈ B λδ (T ) such that
( * * )
Define b λδ to be the element 
